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OOVVEERRVVIIEEWW

• Introduction to noncommutative spaces and
quantum field theories thereon

• Properties and issues of NCQFTs; and a promising
candidate for a renormalizable NC gauge field model

• Introduce matrix models and emergent gravity
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∆xµ ' λp =

√
Gh̄

c3
' 10−33cm

Rµν −
1

2
Rgµν = 〈Tµν〉

incompatibility between GR and QFT

lhs: classical Einstein tensor, rhs: ev of an operator

natural limit in experimental length resolution:
better length resolution requires higher energy,
energy required for resolution of the Planck length
has a Schwarzschild radius of the Planck length

MMOOTTIIVVAATTIIOONN

Historically, the idea of a "minimal length" was initially introduced in order to smear out
pointlike interactions as UV regularization in QFTs (Snyder 1946).

Image source:
http://web.physics.ucsb.edu/~giddings/sbgw/physics.html
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Consider a charged particle in a constant magnetic field:

Hamiltonian obtained by Legendre transformation:

Energy spectrum is that of a harmonic oscillator: (Landau levels)

Spacial noncommutativity arises when

Quantum Hall effect: quantized Hall resistance for low temp. and strong magn. field.
Steps correspond to the number of filled Landau levels.

LLAANNDDAAUU EEFFFFEECCTT

S = −m
∫
ds + e

∫
Aµdx

µ ≈ 1

2

∫
dt
(
m~̇x2 + eBεijẋixj

)

H(~x, ~p) =
1

2m

(
~p + e ~A

)2
, ~p = m~̇x− e ~A, ~π = m~̇x = ~p + e ~A

[x̂j, p̂i] = iδji ⇒ [π̂i, π̂j] = ieBεij

En =
eB

m

(
n +

1

2

)
B � m ⇒ [x̂i, x̂j] =

2i

eB
εij
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WWHHAATT IISS AA ""NNOONN--CCOOMMMMUUTTAATTIIVVEE"" SSPPAACCEE??
Geometric space

points
Noncommutative space

commutative C*algebra
(according to Gel'fandNaimark theorem)

pure states
Noncommutative C*algebra

(A. Connes 1994)
Properties of a C*algebra:
(a, b) 7→ ab ∈ A
a(b + c) = ab + ac ,

(a + b)c = ac + bc , ∀a, b, c ∈ A

∗ : A 7→ A ,
a∗∗ = a , (ab)∗ = b∗a∗ ,

(αa + βb)∗ = ᾱa∗ + β̄b∗

‖a‖ ≥ 0 , ‖a‖ = 0⇔ a = 0 , ‖αa‖ = |α|‖a‖ ,
‖a + b‖ ≤ ‖a‖ + ‖b‖ , ‖ab‖ ≤ ‖a‖‖b‖ ,
‖a∗a‖ = ‖a‖2 , ∀a ∈ A

commutator of the coordinates has the general form: [x̂i, x̂j] = iθij(x̂) ,

θij(x) = const, θij(x) = λijk x̂
k, iθij(x) =

(1
q
R̂ij
kl − δilδ

j
k

)
x̂kx̂l
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WWEEYYLL QQUUAANNTTIIZZAATTIIOONN

assume noncommuting spacetime coordinates:
leads to uncertainty relation

exists isomorphism mapping between NC algebra and commutative one,
e.g. Weyl map

introduce a functions Weyl operator by

define derivation operator by

[x̂µ, x̂ν] = iθµν , ⇒

W : A → Â , xi 7→ x̂i

Ŵ [f ] :=

∫
dDx f (x)∆̂(x) , ∆̂(x) =

∫
dDk

(2π)D
eikµx̂

µ
e−ikµx

µ
,

f (x) = Tr
(
Ŵ [f ]∆̂(x)

)
, TrŴ [f ] =

∫
dDxf (x)

Ŵ [f ]Ŵ [g] = Ŵ [f ? g]

[∂̂µ, x̂
ν] = δνµ , [∂̂µ, Ŵ [f ]] = Ŵ [∂µf ]

∆xµ∆xν ≥ 1
2|θ

µν| ∼ (λp)
2
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definition of the GroenewoldMoyal *product:

... or with more fields:

invariance under cyclic permutations of the integral

and

f (x) ? g(x) =

∫∫
dDk

(2π)D
dDk′

(2π)D
f̃ (k)g̃(k′)e−

i
2kµθ

µνk′νe−i(kµ+k
′
µ)x

µ

= e
i
2θ
µν∂xµ∂

y
νf (x)g(y)

∣∣∣
x=y
6= g(x) ? f (x)

GGRROOEENNEEWWOOLLDD--MMOOYYAALL SSPPAACCEE

f1(x) ? · · · ? fm(x) =
∫∫∫

dDk1
(2π)D

· · · d
Dkm

(2π)D
e
i
m∑
i=1

kix
f̃1(k1) · · · f̃m(km)e

− i
2

m∑
i<j

kiθkj

∫
dDx f (x) ? g(x) ? h(x) =

∫
dDxh(x) ? f (x) ? g(x)

δ

δf1(y)

∫
dDx (f1 ? f2 ? · · · ? fm) (x) = (f2 ? · · · ? fm) (y)

7/30



QQFFTT OONN DDEEFFOORRMMEEDD SSPPAACCEE--TTIIMMEE

For a field theory in Euclidean space this means:
interaction vertices gain phases, whereas propagators remain unchanged, e.g.:

and some Feynman integrals (”nonplanar diagrams”) have phases which act
as UVregulators

origin of the UV/IR mixing problem

1

4

∫
d4k

eikθp

k2 +m2
=

√
m2

(θp)2
K1

(√
m2(θp)2

)
≈ 1

(θp)2
+ c.m2 ln(θp)2

S = Tr

(
1

2
[∂̂µ, Ŵ [φ]]2 +

m2

2
Ŵ [φ]2 +

λ2

4!
Ŵ [φ]4

)
=

∫
d4x

(
1

2
∂µφ ? ∂

µφ +
m2

2
φ ? φ +

λ

4!
φ ? φ ? φ ? φ

)
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GGRROOSSSSEE--WWUULLKKEENNHHAAAARR MMOODDEELL

S =

∫
d4x
(
1
2∂µφ?∂

µφ+m2

2 φ
?2+2Ω2(x̃µφ)?(x̃µφ)+ λ

4!φ
?4
)
, x̃µ := (θ−1)µνx

ν

The propagator is known as the Mehler kernel and is the inverse of the operator

also observe that the action is "LangmannSzabo" invariant, i.e.:

and

(
−∆ + 4Ω2x̃2 + m2

)

S[φ;m,λ,Ω] 7→ Ω2S[φ;
m

Ω
,
λ

Ω2
,

1

Ω
]

[xµ ?, f (x)] = iθµν∂νf (x) , {xµ ?, f (x)} = 2xµf (x)

In 4dimensional Euclidean space this model was proven to be renormalizable to all orders
in perturbation theory.
Furthermore, there is no Landau ghost and the betafunction vanishes at the selfdual point.
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AA TTRRAANNSSLLAATTIIOONN IINNVVAARRIIAANNTT AALLTTEERRNNAATTIIVVEE

S =

∫
d4x

(
1
2∂µφ ? ∂

µφ+m2

2 φ
?2−φ(x) ? a2

θ2�x
? φ(x) + λ

4!φ
?4

)
propagator with infrared damping: G(k) =

1

k2 +m2 + a2

(θk)2

, lim
k→0

G(k) = 0

p p

k

q1

q2

q3

Πn np-ins.(p) ≈ λ2
∫
d4k

eikθp

((θk)2)n
[
k2 + m2 + a2

(θk)2

]n+1

• a = 0: IR div. for n ≥ 2, i.e. integrand ∼ (k2)−n

• a 6= 0: finite, integrand ∼ 1

((θk)2)n
[

a2

(θk)2

]n+1 =
(θk)2

(a2)n+1

This model by Gurau et. al., Commun.Math.Phys. 287
(2009) 275, was proven to be renormalizable in 4
dimensional Euclidean space.
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GGAAUUGGEE FFIIEELLDDSS OONN TTHHEETTAA--DDEEFFOORRMMEEDD SSPPAACCEESS
Star commutator of two Lie algebra valued functions:

[α ?, β] =
1

2
{αa ?, βb}[T a, T b] + 1

2
[αa ?, βb]{T a, T b}

must always consider enveloping algebras, such as U(N), O(N) or USp(2N)
Noncommutative YangMills action:

S =
1

4
Tr
(
[∂̂µ,Ŵ [A]ν]−[∂̂ν,Ŵ [A]µ]−ig[Ŵ [A]µ,Ŵ [A]ν]

)2
=

1

4

∫
dDx trN (Fµν(x) ? F

µν(x)) ,

Fµν = ∂µAν − ∂νAµ − ig[Aµ
?, Aν]

It is invariant under the infinitesimal gauge transformations
δαAµ(x) = Dµα(x) = ∂µA(x)− ig[Aµ(x) ?, α(x)] ,

δαFµν(x) = −ig[Fµν(x) ?, α(x)]
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UUVV//IIRR MMIIXXIINNGG IINN NNCCGGFFTTSS
Need to add gauge fixing and ghost terms:

S =
1

4

∫
d4x trN

(
Fµν ? F

µν + b ? ∂µAµ + ξ
2b
?2 − c̄ ? ∂µDµc

)
This action is invariant under the BRST transformations

sAµ = Dµc = ∂µA− ig[Aµ
?, c] , sc = igc ? c ,

sc̄ = b , sb = 0 ,

s2ϕ = 0 , ∀ϕ

IR divergent terms:
ΠIR
µν(p) ∝ p̃µp̃ν

(p̃2)2
, p̃µ := θµνpν ,

Γ3A,IR
µνρ (p1, p2, p3) ∝ cos

(
p1θp2

2

) ∑
i=1,2,3

p̃i,µp̃i,νp̃i,ρ
(p̃2i )

2

May try similar techniques as in the scalar case, but gauge symmetry makes matters
more complicated...
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Gab
µν =

δab

k2 + γ2

k2

(
δµν −

kµkν
k2

)

∫
d4xφ(x)

a2

θ2�
φ(x) ⇒

∫
d4x

1

4
F µν ?

a2

D2D̃2
? Fµν

D̃µ = θµνD
ν , δα

(
1

D2
F

)
= ig[α ?,

1

D2
F ]

CCOONNSSTTRRUUCCTTIINNGG AANN IIRR MMOODDIIFFIIEEDD GGAAUUGGEE FFIIEELLDD MMOODDEELL
Example: implementing an IR damping similar to the scalar Gurau model.

DDrraawwbbaacckk:: iinnffiinniittee nnuummbbeerr ooff vveerrttiicceess ......

Proposition:Use techniques known from theGribovZwanziger action in QCD

γ4g2
∫
d4x fabcAb

µ(M−1)adf decAe
µ

13/30



S =

∫
d4x

[
1

4
FµνF

µν + s

(
(Q̄µναβBµν + h.c.)

1

�̃

(
fαβ +

σθαβ
2 f̃
))

+ s(ψ̄µνBµν) + s

(
Q′{Aµ

?, Aν}
∂̃µ∂̃ν∂̃ρ

�̃2
Aρ

)
+ s(c̄∂µA

µ)

]

NNEEWW GGAAUUGGEE FFIIEELLDD AACCTTIIOONN

"Soft breaking" of the BRST symmetry like in the GribovZwanziger case,
leads to IR damping of the gauge field propagator, i.e. modifying the
theory only in the infrared.

sAµ = Dµc , sc = igc ? c , sc̄ = b , sb = 0 ,

s ψ̄µν = B̄µν , s B̄µν = 0 , s Bµν = ψµν , sψµν = 0 ,

s Q̄µναβ = J̄µναβ , s J̄µναβ = 0 ,

sQµναβ = Jµναβ , s Jµναβ = 0 , sQ′ = J ′ , s J ′ = 0 .
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SSOOFFTT BBRREEAAKKIINNGG

Q̄µναβ

∣∣
phys

= Qµναβ

∣∣
phys

= Q′
∣∣
phys

= 0 , J ′
∣∣
phys

= igγ′2 ,

J̄µναβ
∣∣
phys

= Jµναβ
∣∣
phys

=
γ2

4
(δµαδνβ − δµβδνα)

Propagator with IR damping

GAA
µν (k) =

1

k2
(
1 + γ4

((θk)2)2

)(δµν − kµkν
k2

− f (γ, σ, k2)
(θk)µ(θk)ν

(θk)2

)

Is there a relation between the Gribov problem and UV/IR mixing in NCQFTs in
the sense that solving one of the two automatically solves the other?
Can we derive some kind of “horizon condition” for the Gribovlike parameters?
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HHOOWW TTOO PPRROOVVEE RREENNOORRMMAALLIIZZAABBIILLIITTYY??
• Need a renormalization scheme that preserves gauge symmetry and works

also in noncommutative space...

• The scalar model was proven using multiscale analysis which unfortunately
breaks gauge symmetry in our case.

• Algebraic renormalization works well with models which have symmetries, but
only if they are local in the quantum fields.
Can we generalize the scheme to a noncommutative setting?

• Could expand for small deformation parameter theta (SeibergWitten map),
but we would lose intrinsic properties of NCQFTs such as UV/IR mixing.

• At some point, need to also generalize to Minkowski spacetime; this involves
new timeordering rules (some work in this direction has already been done).
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OOTTHHEERR NNOONN--CCOOMMMMUUTTAATTIIVVEE SSPPAACCEESS
Fuzzy torus:

Fuzzy sphere:

Kappadeformed spaces:

qDeformation:

Another approach involves a description of NC spaces in terms of Hopf algebras
with deformed Leibnitz rules ("Twisted" gauge theories, NC generalizations to
Einstein gravity, etc.)

xµ ∼ xµ + Σµ
a

[x̂i, x̂j] = i
θ

r
εijkx̂k , r21 = (x̂21 + x̂22 + x̂23)

[∂̂i, ∂̂j] =
1

r
εijk∂̂k , ∂̂i = − i

θ
x̂i

[x̂µ, x̂ν] = i(aµδνσ − aνδµσ)x̂
σ , where e.g. aµ = κ−1δnµ

]

[x̂µ, x̂ν] =
(1
q
R̂ij
kl − δilδ

j
k

)
x̂kx̂l

]
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i
[
X̃µ

?, X̃ν

]
= θ−1

µν − gFµν

X̃µ := x̃µ + gAµ , x̃µ := θ−1µν x
ν

X̃µ → u(x) ? X̃µ ? u(x)
† ,

X̃µφ(x)→ u(x) ? X̃µφ(x) ? u(x)
†

CCOOVVAARRIIAANNTT CCOOOORRDDIINNAATTEESS && MMAATTRRIIXX MMOODDEELLSS
star gauge transformation of a scalar field:
In contrast to the commutative case, does not transform covariantly.

φ(x) → u(x) ? φ(x) ? u(x)†

xµ ? φ(x)

define "covariant" coordinates:

∫
d4xFµν ? F

µν → − 1

g2

∫
d4x

[
X̃µ

?, X̃ν

]
?
[
X̃µ ?, X̃ν

]NC YangMills action:

SYM = −Tr[Xa, Xb][Xc, Xd]ηacηbdYangMills matrix model:
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S[φ] = −Tr [Xa, φ] [Xc, φ] ηac

∼
∫
d4x

√
det θ−1µν {xa, φ}PB{xc, φ}PBηac

=

∫
d4x

√
det θ−1µν θ

µν∂µx
a∂νφ θ

ρσ∂ρx
c∂σφ ηac

=

∫
d4x

√
detGµν G

νσ∂νφ∂σφ

EEMMEERRGGEENNTT GGRRAAVVIITTYY FFRROOMM MMAATTRRIIXX MMOODDEELLSS
SYM = −Tr[Xa, Xb][Xc, Xd]ηacηbd

gµν(x) M2n

(cf. Class.Quant.Grav. 27 (2010) 133001)
19/30

Xa =
(
Xµ,Φi

)
, µ = 1, . . . , 2n, i = 1, . . . , D − 2n,

so that Φi(X) ∼ φi(x) define embeddingM2n ↪→ RD

gµν(x) = ∂µx
a∂νx

bηab (in semi-classical limit)

Gµν = e−σθµρθνσgρσ = −(J 2)µρg
ρν, e−σ ≡

√
det θ−1µν√
detGρσ

for 2n = 4 : (J 2)µν +
(Gg)
2 δµν + (J −2)µν = 0



IINNTTRROODDUUCCIINNGG TTHHEE IIKKKKTT MMOODDEELL
SIKKT = Tr

([
Xa, Xb

]
[Xa, Xb] + Ψ̄ /DΨ

)
,

/DΨ := γa [Xa,Ψ] , {γa, γb} = 2ηab

IKKT matrix model is supersymmetric and expected to be renormalizable
 cf. Nucl.Phys. B498 (1997) 467.

Majorana-Weyl spinor Ψ = CΨ̄T , is invariant under SUSY:

δ1Ψ =
i

4
[Xa, Xb][γa, γb]ε , δ1Xa = iε̄γaΨ

δ2Ψ = ξ , δ2Xa = 0

Further symmetries:
Xa → U−1XaU , Ψ→ U−1ΨU , U ∈ U(H) , gauge inv.

Xa → Λ(g)abX
b , Ψα → π̃(g)βαΨβ , g ∈ S̃O(D) , rotations,

Xa → Xa + ca1l , ca ∈ R , translations
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TTHHEE IIKKKKTT MMOODDEELL

• Originally proposed as nonperturbative definition of type IIB string theory,

• Seems to provide a good candidate for quantum gravity and other
fundamental interactions, i.e.

• Here, we consider general NC brane configurations and their effective gravity
in the matrix model,

• Assume soft breaking of SUSY below some scale Λ and compute the effective
action using a Heatkernel expansion.

SIKKT = Tr
([
Xa, Xb

]
[Xa, Xb] + Ψ̄γa [Xa,Ψ]

)

21/30

Xa =

(
X̄µ − θµνAν(X̄

µ)
Φi(X̄µ)

)



TTHHEE FFEERRMMIIOONNIICC AACCTTIIOONN

SΨ = TrΨ† /DΨ = TrΨ†γa[X
a,Ψ]

e−Γ[X] =

∫
dΨdΨ†e−SΨ = (const.) exp

(
1

2
Tr log( /D

2
)

)
/D

2
Ψ = γaγb[X

a, [Xb,Ψ]] = ( /D
2
0 + V )Ψ

• Consider fermions coupled to NC background
• Matrices Xa: perturbations around Moyal quantum plane

introduce NC scale Λ4
NC = e−σ

[X̄µ, X̄ν] = iθ̄µν = iΛ−2NC


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0


Xµ = (X̄µ +Aµ, φi) = (X̄µ − θ̄µνAν,Λ

2
NCϕ

i)
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HHEEAATTKKEERRNNEELL EEXXPPAANNSSIIOONN
/D
2
0Ψ := ηµν[X̄

µ, [X̄ν,Ψ]] = −Λ−4
NCḠ

µν∂µ∂νΨ

1

2
Tr
(

log /D
2 − log /D

2
0

)
→ −1

2
Tr

∞∫
0

dα

α

(
e−α /D

2

− e−α /D
2
0

)
e
−

Λ4
NC
αΛ2

= Λ4
∑
n≥0

∫
d4xO

(
(p,A, ϕ)n

(Λ,ΛNC)n

)

components of [Xa, Xb]:

[Xµ, Xν] = i(θ̄µν + Fµν) , [Xµ, φi] = iθ̄µνDνφ
i

Fµν = −θ̄µρθ̄νσ(∂ρAσ − ∂σAρ − i[Aρ, Aσ]) ,

Dνφ = ∂νφ + i[Aν, φ]

Consider a Duhamel expansion:
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SSMMAALLLL PPAARRAAMMEETTEERRSS OOFF EEXXPPAANNSSIIOONN
In contrast to previous work, we consider a „semiclassical“ low energy
regime characterized by

Can expand UV/IR mixing terms as

Avoids pathological phenomena which would appear if

Expansion in 3 small parameters:

ε(p) := p2Λ2/Λ4
NC � 1

e−p
2Λ4

NC/α ≈
∑
m≥0

amε(p)
m

Λ → ∞ and ΛNC fixed

Γ ∼ Λ4
∑
n,l,k≥0

∫
d4xO

(
ε(p)n(

p2

Λ2
NC

)l(
p2

Λ2
)k
)
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Weyl quantization map: |p〉 = eipµX̄
µ ∈ A

P̄µ|p〉 = ipµ|p〉 , with P̄µ = −iθ−1
µν [X̄ν, .]

〈q|p〉 = Tr(|p〉〈q|) = TrH(e−iqµX̄
µ
eipµX̄

µ
) = (2πΛ2

NC)2δ4(p− q)

[
eikX̄, eilX̄

]
= −2i sin

(
kθ̄l

2

)
ei(k+l)X̄ , /D

2
0|p〉 = Λ−4

NCḠ
µνpµpν|p〉

EEFFFFEECCTTIIVVEE NNCC GGAAUUGGEE TTHHEEOORRYY AACCTTIIOONN

Γ =
1

2

∞∫
0

dαTr(V e−α /D
2
0)e
−

Λ4
NC
αΛ2

− 1

4

∞∫
0

dα

α∫
0

dt′ Tr
(
V e−t

′ /D2
0V e−(α−t′) /D2

0

)
e
−

Λ4
NC
αΛ2 + . . .

Can now compute the terms of the Duhamel expansion order by order:
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GGAAUUGGEE IINNVVAARRIIAANNCCEE OOFF EEFFFFEECCTTIIVVEE NNCCGGFFTT
Adding up first 3 order contributions leads to the following order Λ4 terms:

ΓΛ4(A,ϕ, p) =
Λ4Tr1

16Λ4
NC

∫
d4x

(2π)2

√
g
(
gαβDαϕ

iDβϕi

− 1

2
Λ4

NC

(
θ̄µνFνµθ̄

ρσFσρ + (θ̄σσ
′
Fσσ′)(F θ̄F θ̄)

)
− 2θ̄νµFµαg

αβ∂νϕ
i∂βϕi +

1

2
(θ̄µνFµν)g

αβ∂βϕ
i∂αϕi

+ h.o.
)

These terms are manifestly gauge invariant

Free contribution:

Γ[X̄ ] = −1

2
Tr

∞∫
0

dα

α
e
−α /D2

0−
Λ4

NC
αΛ2 = −Λ4Tr1

8

∫
d4x

(2π)2

√
g

Along with general geometrical considerations, this suffices to
predict some loop computations

26/30



EEFFFFEECCTTIIVVEE MMAATTRRIIXX MMOODDEELL AACCTTIIOONN
consider ΓL[X ] = TrL (Xa/L), L = Λ/Λ2

NC

ΓL[X ] = TrV (X) + h.o.,

TrV (X) = −1

4
Tr

(
L4√

−TrJ4 + 1
2(TrJ2)2

)
∼ −1

8

∫
d4x

(2π)2
Λ4(x)

√
g

Ja
b := iΘacgcb = [Xa, Xb], TrJ ≡ Ja

a = 0

• Commutators correspond to derivative operators for gauge fields
• Leading term of eff. action can be written in terms of products of

Most general singletrace form of effective potential
+ input from free contribution to the effective action:
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SSOO((DD)) IINNVVAARRIIAANNCCEE OOFF GGEENNEERRAALLIIZZEEDD MMMM
Can reproduce gauge sector of induced result by a
semiclassical analysis with vanishing embedding fields:

Can be further generalized to include curvature terms, e.g.:

Such terms appear in the semiclassical limit of higher order
matrix terms.

Effective action can be written as a generalized matrix model
with manifest SO(D) symmetry.

∫
d4x

(2π)2
√
g Λ(x)2

(
R + (Λ̄4

NCe
−σθµρθηαRµρηα − 4R) + c′∂µσ∂µσ

)

1√
1
2(TrJ2)2 − TrJ4

∣∣∣∣∣
∂φi=0

∼Λ4
NC

2

(
1 +

1

2
θ̄µνFµν +

1

4
(θ̄F )2

+
1

4
(θ̄F )(F θ̄F θ̄) +O(F 4)

)
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CCOONNCCLLUUSSIIOONN

• Have discussed properties and problems (such as UV/IR mixing) of non
commutative quantum field theories, as well as renormalizable scalar models.

• Constructed a promising candidate for a renormalizable NC gauge field model,
but need to prove renormalizability to all orders.

• Introduced matrix models, especially the IKKT model and its properties, such
as emergent gravity.

• Computed the effective fermion action, first from NC field theory, then from the
matrix model point of view.

• Many interesting open questions.
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